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We study the nature of superfluid pairing in imbalanced Fermi mixtures in two spatial dimensions. We present
evidence that the combined effect of Fermi surface mismatch and order parameter fluctuations of the superfluid
condensate can lead to continuous quantum phase transitions from a normal Fermi mixture to an intermediate
Sarma-Liu-Wilczek superfluid with two gapless Fermi surfaces – even when mean-field theory (incorrectly)
predicts a first order transition to a phase-separated ”Bardeen-Cooper-Schrieffer plus excess fermions” ground
state. We propose a mechanism for non-Fermi liquid behavior from repeated scattering processes between the
two Fermi surfaces and fluctuating Cooper pairs. Prospects for experimental observation with ultracold atoms
are discussed.
I. INTRODUCTION
Understanding the nature of strongly correlated fermion
systems, that do not obey the rules of Landau’s Fermi liquid
[1, 2], remains one of the most pressing issues in the physics
of correlated matter. The unifying property of non-Fermi liq-
uid states are the short lifetimes of quasi-particles. This makes
the physics interesting and the theoretical description hard. In
strong non-Fermi liquids, there are no well-defined quasipar-
ticles at all, that is, there are no electronic excitations whose
lifetime becomes a large timescale when asymptoting ener-
gies toward zero. In weak non-Fermi liquids, the interac-
tions of fermions with fluctuations leads to reduced lifetimes
and anomalous thermodynamics but ultimately well-defined
quasiparticles.
Non-Fermi liquids can occur in a variety of physical con-
texts: ranging from ceramic copper oxides and transition
metal compounds at below-room-temperatures to quantum
chromodynamics at finite quark density in conditions simi-
lar to those right after the big bang (temperatures of millions
of Kelvins) [3–6]. A popular and experimentally relevant sce-
nario for non-Fermi liquid behavior is the proximity to a quan-
tum critical point or phase [7, 8]. The crossover from Fermi
liquid to non-Fermi liquid behavior in solid state materials can
be induced for example, by changing chemical composition,
pressure, or straining the crystal lattice.
Until not so long ago, the best known examples of Fermi
liquids accessible in table-top experiments were 3He [9, 10]
and normal metals with low ordering temperatures. Exper-
iments with ultracold atomic quantum gases [11] provide
a complementary route to study interacting Fermi systems,
sometimes in novel regimes beyond what is possible in solid
state situations. Using two-body Feshbach resonances, it is
now possible to prepare interacting Fermi gases of (electri-
cally) charge-neutral atoms with tunable interactions in odd-
integer, nuclear hyperfine states in the quantum degeneracy
regime, that is, at nano-Kelvin temperatures corresponding to
fractions of the Fermi temperature [12–14].
Density- and/or mass-imbalanced Fermi mixtures [15–17]
represent such a new beyond-solid-state synthetic quantum
material. A bold proposition by Liu and Wilczek [18] on pair-
ing in such fermion mixtures invoked a homogeneous super-
fluid coexistent with “metallic” fermions on two Fermi sur-
faces triggered research on Sarma’s earlier proposal [19] as
well as various generalization into the modern context of ul-
tracold Fermi gases [20–30].
The common point of departure for these analysis is the
attractively interacting (spin-) polarized Fermi gas
H =
∑
kσ
ξkσc
†
kσckσ +
g
V
∑
k,k′,q
c†k+q/2,↑c
†
−k+q/2,↓ck′+q/2,↓c−k′+q/2,↑ ,
(1)
where the dispersion of the two spin-components is ξkσ =
k2
2mσ
−µσ with σ =↑, ↓, and g < 0 is an attractive, structureless
contact interaction between the species. Each dispersion is in-
flection symmetric ξkσ = ξ−kσ. V is the volume and in general
the masses mσ and chemical potentials µσ of each spin species
can be different.
A mean-field diagonalization of Eq. (1) around the static
and homogeneous projection of superfluid fermion bilin-
ear containing one fermion from each spin species, α =
limq→0
∫
k ψk+
q
2 ↑ψ−k+ q2 ↓, produces two quasi-particle branches
in the superfluid phase
E± =
ξk↑ − ξ−k↓
2
±
√
α2
2
+
(
ξ−k↓ + ξk↑
2
)2
, (2)
where the condition ξkσ = 0 defines the (bare) Fermi surfaces
of the two species in the normal phase. This quasi-particle
energies can have zeros at finite α, as shown in Fig. 1, such
that the superfluid state can have Fermi surfaces for certain
parameters.
Such an exotic superfluid would be an intriguing state of
matter: translated to the correlated electron context, it would
be a ’perfect metal’ with large Fermi surfaces and a super-
conductor at the same time. This is in stark contrast to
both, conventional (s-wave) BCS-superconductors and high-
temperature superconductors: in conventional superconduc-
tors, the superfluid order parameter gaps out the entire Fermi
ar
X
iv
:1
31
1.
48
85
v2
  [
co
nd
-m
at.
qu
an
t-g
as
]  
10
 M
ar 
20
14
2Superfluid
0.0 0.5 1.0 1.5 2.0
-1.0
-0.5
0.0
0.5
1.0
kx
E
+
-
Hk x
,k
y
=
0
L NormalΞkΣ = 0
0.0 0.5 1.0 1.5 2.0
0.0
0.5
1.0
1.5
2.0
kx
k y
FIG. 1: (Color online) Superfluid: Meanfield quasi-particle energies
in the superfluid phase (left). Normal: Mismatched Fermi surfaces
in the normal phase (right). The smaller, blue Fermi surface is taken
to be the ↓-component, the larger, black-dashed Fermi surface be-
longs to the ↑-component. Here and in the rest of the paper we use
µ =
µ↑+µ↓
2 as the average chemical potential and h =
µ↑−µ↓
2 as the aver-
age “Zeeman” field. We further define the mass ratio as r = m↓m↑ . The
Fermi momenta of the two species are given by kF,↑ =
√
2 (µ + h)
and kF,↓ =
√
2r (µ − h). Here we used r = 1 in units of m↑ as ap-
propriate for a equal-mass mixtures, µ = 1, h = 0.1, and α = 0.05.
The superfluid “gap” α opens away from the Fermi surfaces [18, 19]
(where the black-dashed line E+ crosses zero).
surface and charge transport occurs exclusively via bosonic
Cooper pairs; in the high-temperature superconductors, the
gap has a d-wave structure leaving nodes on the Fermi surface
ungapped, however with energetically suppressed density of
states.
In the Sarma-Liu-Wilczek superfluid, the simultaneous
presence of strong phase fluctuations, that is, the Goldstone
mode and the gapless fermions makes this a strongly corre-
lated ”soup” with anomalous transport thermodynamic prop-
erties that are not fully understood. Endowing such a state
with momentum structure in the gap or lattice potentials
would complement efforts on high-temperature superconduc-
tors where exotic states of matter with (sometime fractional-
ized) Fermi surfaces are coupled to gapless degrees of free-
doms such as gauge bosons.
Parish et al. [24] presented a comprehensive mean-field
picture of the imbalanced Fermi gas problem at finite tem-
peratures (focusing on the case of dimensionality d = 3). In
particular, they emphasized the possibility of suppressing the
temperature of the tricritical point [31] by increasing the mass-
imbalance between the two fermion species. However, it is
rather clear that the picture of Refs. 24, 31 is not fully realistic
in two spatial dimensions, d = 2. The first- (or second-) order
transition to the superfluid state at T > 0 implies the existence
of long-ranged order and therefore contradicts the Mermin-
Wagner theorem. The important role of fluctuations is also
clearly signaled in the recent study [32], operating at Gaussian
level. A complete theory accounting for fluctuations should
instead (most likely) yield a Berezinski-Kosterlitz-Thouless
(BKT) type superfluid involving no true long-ranged order. It
is on the other hand well known that the BKT transition is
actually of infinite order, so that the free energy is of the C∞
class, but not an analytic function. The occurrence of a tri-
critical point in the phase diagram is therefore not admissible,
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FIG. 2: (Color online) Plain-vanilla non-Fermi liquid ”metal” quan-
tum phase transitions at finite fermion density in two spatial di-
mensions. This plain-vanilla classification excludes exotic scenar-
ios such as e.g.: topological order, fractionalization/emergent gauge
field or transitions to fully insulating states. Non-Fermi liquid prop-
erties of the spin-density wave and Fermi surface deformation cases
have recently been discussed for example in Ref. 47–52. The inter-
play with spatially inhomogenous Larkin-Ovchinikov-Fulde-Ferell
(LOFF) states is discussed in the text.
except at T = 0.
The bottom line of the previous work was that, in the
relatively weakly interacting BCS regime of Eq. (1), mis-
matching the Fermi surfaces typically lead to abrupt, first-
order Clogston transitions [33] out of the superfluid state
into a phase-separated (in real space) state, containing super-
fluid and normal puddles, which possessed the lowest energy
among several candidate states [20–22, 24, 26]. However,
most of these analysis have relied on mean-field theory or fo-
cussed on three dimensional Fermi mixtures.
It is worthwhile noting that fluctuation effects are known to
change the basic properties of phase transitions in a number
of important systems, in low dimensionalities in particular. It
seems that more commonly fluctuations favor the first-order
scenario. For a review on the classical sytems we refer to [34].
On the quantum side, we mention the fluctuation-induced
first-order quantum phase transitions in itinerant magnets and
superconductors [35, 36] and the quantum variant of the Imry-
Ma phenomenon recently established rigorously [37]. This
was also firmly recognised that a wide class of metallic phase
transitions is first order at low temperatures, but (by necessity)
second-order at sufficiently high T [38].
II. KEY RESULTS
This paper addresses the impact of order parameter fluctua-
tions on imbalanced superfluids in interacting Fermi mixtures
in two dimensions. We propose here the possibility of a new
type of fluctuation-induced quantum criticality between im-
balanced superfluids and a normal Fermi gas as realizable with
present-day experimental technology in the relatively weakly
interacting BCS regime. We have written this paper hoping
that the fluctuation-induced quantum criticality of superfluid,
charge-neutral Fermi mixtures will become a fruitful addition
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FIG. 3: (Color online) Fluctuation-corrected phase diagram of im-
balanced fermionic superfluids in two dimensions. Goldstone and
longitudinal fluctuations induce new quantum critical points (black
circles) at (h = ±0.18,T = 0) between a normal Fermi mixture
and a Sarma-Liu-Wilczek superfluid with gapless fermions. Toward
h → 0, another transition to a fully gapped superfluid is expected.
Furthermore fluctuations suppress spontaneous symmetry breaking
to T = 0. Extension of our computations to finite T [69] would
lead to a BKT transition line connecting the new QCPs [70]. Mean-
field theory (MFT) predicts an incomplete picture: a superfluid dome
(blue crosses) with long-range order and 1st order transitions on its
wings (red crosses).
to the “plain vanilla” set of non-Fermi liquid quantum crit-
ical points at finite fermion density tabulated in Fig. 2. To
substantiate this claim, we here pursue two complementary
directions:
In Sec. III, we present first computational evidence that
strong phase and amplitude fluctuations of the superfluid order
parameter suppress the regime of phase-separation and lead
to a continuous quantum phase transition between an imbal-
anced Sarma-Liu-Wilczek superfluid with gapless Fermi sur-
faces and a normal mixture as shown in Fig. 3. This phase
diagram is based on the solution of a partial differential (renor-
malization group flow) equation for the effective potential/free
energy density of the Fermi mixture U (α). The possibility of
a quantum phase transition from a state of “2 Fermi surfaces
+ BEC” to ”2 Fermi surfaces and no BEC” was alluded to
in the different microscopic context of mixtures of fermions
with fundamental bosons [53]. Because of the fundamental
nature of the boson in Ref. 53, this transition does not fall into
the plain-vanilla non-Fermi liquid “metal” categorization of
Fig. 2, which restricts to purely fermionic systems.
In Sec. IV, we analyze the diagrammatics of the effective
field theory coupling the collective “Cooperon” to two mis-
matched Fermi surfaces. Non-Fermi liquid physics appears at
two-loop order, despite the fact that the Cooperon reconstructs
the fermion dispersions away from the Fermi surfaces. Be-
hind this are repeated scattering processes involving Cooper-
ons and off-shell particle-hole pairs of the respective other
species as shown in Fig. 4. This enhances the scattering rate
FIG. 4: (Color online) Repeated scattering of Cooperons and
particle-hole pairs of cold, off-shell fermions (red, dashed box in up-
per graph) mediates a singular, intra-species interaction (red, dashed
line in bottom graph) that induces non-Fermi liquid behavior on the
Fermi surfaces. Wiggly line here denotes the one-loop dressed (cf.
Fig. 9) Cooper pair propagator.
around the Fermi surface which should be observable with ex-
perimental techniques such as rf-spectroscopy [17, 39]. One
may therefore say, on mean-field level, both Fermi surfaces re-
main “cold” at the superfluid transition. Beyond mean-field,
however, order parameter fluctuations “warm them up” lead-
ing to faster than Fermi liquid decay rates but probably ul-
timately stable quasi-particles. Different, interesting mecha-
nisms to achieve non-Fermi liquid features with imbalanced
Fermi gases were given in Refs. 41, 46. Putting the attrac-
tively interacting Fermi mixture into spin-dependent optical
lattices [27], that deform the bare Fermi surfaces such that
“band-crossing” are generated, also naturally leads to non-
Fermi liquid physics from pairing at least close to the “hot”
crossing points.
Our results of Secs. III,IV undoubtedly point out the quali-
tative importance of fluctuations to the physics of imbalanced
superfluids in two dimensions. Like any other quantum criti-
cal point for interacting Fermi systems at finite density, how-
ever, fluctuations in the vicinity of the QCPs (black dots in
Fig. 3) will attract competition from other instabilities. To
this end, two important aspects should be investigated further.
The first one is the interplay with induced intra-species p-
wave superfluidity [23, 56], whose ordering scales, however,
are expected to be very small in the relatively weakly inter-
acting BCS regime. In fact, there are similarities to the case
of induced d-wave pairing close to antiferromagnetic critical
points in metals [47, 54]. There, singular magnetic fluctua-
tions have two counter-acting effects: they reduce the amount
of electronic spectral weight around the Fermi surfaces (espe-
cially the hot spots), and at the same time they generate loga-
4rithmic singularities in the d-wave pairing channel. A similar
competition occurs here in imbalanced superfluids: singular
Cooper pair fluctuations generate intra-species pairing tenden-
cies in the p-wave channel; at the same time the lifetimes of
quasiparticles around the Fermi surfaces are reduced by the
mechanism of Fig. 4.
The second open question is the interplay with translational
symmetry breaking tendencies from inhomogeneous LOFF
pairing (see for example [40, 41, 44, 45] for analysis in one-
dimensional systems). As pointed out by Lamacraft [41],
scattering off singular Cooperons with spatial modulation is
a natural route to non-Fermi liquid behavior because it di-
rectly connects the mismatched Fermi surfaces. At the mean-
field level, Sheehy and Radzihovsky provided a comprehen-
sive analysis of the imbalanced Fermi gas in the continuum
[42] with the result that the inhomogeneous LOFF states oc-
cupies only a very narrow strip in the phase diagram. A very
recent study [32] emphasises the prominent role of fluctua-
tions in d = 2 and suggests that (even at the Gaussian level)
the LOFF states are unstable at T > 0.
In lower dimensionality d < 2 and under inclusion of lat-
tice potentials, periodic modulations of the phase and or the
amplitude of the superfluid order parameter can be stabilized
at the mean-field level [43] and an extension of our theory to
this case is an interesting future direction. A fluctuation the-
ory beyond Gaussian level for this case is significantly more
complicated: in addition to the global (number) charge sym-
metry, also continuous translation symmetry is broken leading
to an additional Goldstone “phonon” in the fluctuation spec-
trum. One would then deal with a non-Fermi liquid coupled
to a damped, bosonic sector of the O(4) universality class.
We conclude in Sec. V and give a brief outlook on experi-
mental observation with ultracold quantum gases.
III. FUNCTIONAL FLOW TO CRITICALITY
For interacting Fermi systems at the brink of phase-
separating and abrupt jumps of the order parameter (as is the
case in the mean-field theory for imbalanced Fermi mixtures
at low temperatures), an expansion of the effective potential in
powers of the order parameter is not possible. The approach
Ref. [55] proposed to integrate a functional flow equation of
the local potential along a continuous flow parameter Λ this
way capturing order parameter fluctuations keeping the entire
local potential on a discrete set of points in field space. The
initial conditions for this flow at the scale Λ0 (the characteris-
tic energy below which collective order parameter fluctuations
become important) is given by the mean-field effective poten-
tial of Eq. (1)
UΛ=Λ0 (α) =
−1
2g
α2 − T
∑
k0,k
ln
[ (−ik0 + ξk↑) (ik0 + ξ−k↓) + α2/2(−ik0 + ξk↑) (ik0 + ξ−k↓)
]
,
(3)
where α is the real-valued ordering field (the longitudinal σ-
direction in the local, mexican hat potential that involves all
powers of the ordering field). The mean-field theory is derived
FIG. 5: (Color online) Graphical representation of the flow equation
Eq. (4) involving traces over field (α)-dependent Goldstone (wiggly
loop) and longitudinal (dashed loop) propagators, respectively. Grey
dots denote cutoff insertions.
in Appendix A. The transverse Goldstone quantum field will
be denoted by pi. In two dimensions, the attractive interaction
g(ΛkF ) = − 2pim ln[a2DΛkF ] changes logarithmically with momen-
tum scale [57, 58] and we will evaluate it at a characteristic
scale of the order of the Fermi momenta involved, ΛkF . The
particle-particle ladder for two particles in vacuum has a log-
arithmic singularity for small and large momenta. Therefore,
two particles form a bound state for arbitrarily weak attraction
among them [59, 60]. Here a2D is the 2D scattering length.
This paper restricts to the BCS regime, |ΛkF |a2D  1 such that
gaps are relatively small and we are well separated from the
strong-coupling region where the crossover to the BEC regime
sets in [58]. We may therefore expect BCS-BEC crossover-
like contractions of the Fermi volumes [61] to be subdominant
and we perform our calculations at constant chemical poten-
tials (using their difference as the tuning parameter).
We now proceed to integrate order parameter fluctuations
with the functional flow equation for the effective potential
∂ΛUΛ(α) =
1
2
trq
[
∂ΛRΛ(q)
(
GRσσ(q;α) + G
R
pipi(q;α)
)]
. (4)
where trq = T
∑
qτ
∫ d2q
(2pi)2 stands for frequency and momentum
integrations over the field-dependent Goldstone and longitudi-
nal loops shown in Fig. 5. At vanishing cutoff scale Λ → 0
all the fluctuation modes are incorporated into the partition
function and F(α) = limΛ→0 UΛ(α) is the free energy density.
Both, the longitudinal propagator GRσσ(k;α) and the Goldstone
propagator GRpipi(k;α) are explicitly field (α)-dependent
GRpipi(q;α) =
ZΩ(α0)q2τ + Zq(α0)q2 + m2pipi(α,R)
detR(q;α)
(5)
GRσσ(q;α) =
ZΩ(α0)q2τ + Zq(α0)q2 + m2σσ(α,R)
detR(q;α)
.
The above expressions involve an approximation, treating the
Z-factors as constants (see below). The “mass” terms for the
Goldstone boson m2pi,R(α) = U
′(α) + RΛ(q) and the longitudi-
nal propagator m2σ,R(α) = U
′(α) + α2U′′(α) + RΛ(q) involve
a regulator RΛ(q), to be specified below, and are evaluated at
general α. Here, U′(α) is a first, and U′′(α) is the second field
derivative with respect to ρ = 12α
2. The determinant in (σ, pi)
field space is
detR(q;α) =
(
ZΩ(α0)q2τ + Zq(α0)q
2 + m2σσ(α,R)
)
× (6)(
ZΩ(α0)q2τ + Zq(α0)q
2 + m2pipi(α,R)
)
+ X2(α0)q2τ .
5The Z- and X-factors are frequency and momentum renor-
malization factors and are evaluated at the minimum of the
effective potential α0. In the superfluid phase away from the
critical point, σ and pi components of the Z-factors can ex-
hibit very different scaling properties in the infrared [62, 63].
Since our main interest here is the phase diagram and not the
infrared asymptotics, we will keep here only one set of Z-
and X-factors. The X-factor multiplies a linear time-derivative
GRσpi ∼ Xqτ and couples the Goldstone and longitudinal fluc-
tuations. In the present renormalization scheme we supple-
ment only the diagonal components of the inverse propagator
with the cutoff term R. Within such a procedure, there arises
no contribution from GRσpi in Eq. (4) and the impact of the X-
factor on the flow of U occurs only via the determinant.
Eq. (4) emerges upon evaluating the exact flow equation
for the generator of 1-particle-irreducible vertices [64] at a
uniform field configuration. The resultant formula involves
field- and scale- dependent Z and X factors. The essence of the
approximation leading to the closed set Eq. (4-6) amounts to
disregarding these dependencies. An important ingredient of
the present study resides in the local potential Eq. (3), which
is the starting point of for the solution of Eq. (4), and which
is directly and clearly related to the microscopic, fermionic
system (see Appendix A for a derivation).
Let us also note that Eq. (4-6) fulfill the Mermin-Wagner
theorem [65] upon turning on a temperature, and provide a
framework to study quantum fluctuations beyond BCS-theory
in a superfluid state without violating Goldstone’s theorem,
that is, without generating an unphysical Goldstone mass
[63, 66, 67]. This is because the flow of the minimum of
the potential α0 is self-consistently determined from the con-
dition (Ward identity) that the (unregulated) Goldstone mass
mpi,R=0[α0]2 = U′[α] ≡ 0 vanishes for all Λ.
We now present our results from solving the functional flow
of Eq. (4-6). Using a combined frequency and momentum
cutoff RΛ(qτ,q) = Zq
(
Λ2 − q2 − ZΩZq q2τ
)
θ
(
Λ2 − q2 − ZΩZq q2τ
)
the
frequency and momentum integrations can be performed and
Eq. (4) becomes
Λ∂ΛUΛ(ρ) = − Z˜Λ
2
4pi2
(Mσσ(ρ) + Mpipi(ρ)) ×
{
− Z˜Λ
X2
+ Λ2
X
√
Mpipi(ρ)Mσσ(ρ)
+
Z˜2
√
Mpipi(ρ)Mσσ(ρ)
X3

arctan
 ΛX
Z˜
√
Mpipi(ρ)Mσσ(ρ)
 } . (7)
with ρ = α2/2, Z˜ ≡
√
ZΩ
Zq
, the regulated longitudinal mass
Mσσ(ρ) ≡ ZqΛ2 + U′(ρ) + 2ρU′′(ρ) and the regulated Gold-
stone mass Mpipi(ρ) ≡ ZqΛ2 + U′(ρ).
Eq. (7) is a second-order partial differential equation, which
we solve numerically on a grid in field space containing up to
200 points, where the non-zero minimum (initial) is situated
around the middle of the box. The initial condition for U(α) is
the un-truncated, mean-field effective potential containing all
orders in the order parameter field.
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FIG. 6: (Color online) Comparison of the zero-temperature poten-
tials at the new QCP (black circles at h = 0.177, T=0 in Fig. 3).
Mean-field theory (top) incorrectly predicts a phase-separated fully
gapped BCS + excess fermion state with the global minimum at
α0 = 0.42, which overshadows the Fermi surface mismatch. Fluc-
tuations (bottom) smear out the curved region in the potential, and in
fact lead to a quantum phase transition with continuously onsetting
superfluid order α0 slightly above zero. Numerical parameters and
initial values of the Z− and X-factors are: g = −2, ZΛ0
Ω
= ZΛ0q = 1,
and XΛ0 = 0.2. Further technical details are given in Appendix B.
As described in Fig. 3, fluctuations may have a drastic effect
on the even qualitative features of the phase diagram. Here,
quantum fluctuations suppress the first-order transition and as-
sociated phase separation between a BCS + excess fermion
state and instead indicate a continuous quantum phase transi-
tion to a superfluid state with two Fermi surfaces, which could
exist as an intermediate phase. Upon further increasing the
interaction or reducing the imbalance h, this is expected to
become a fully gapped BCS state with no Fermi surface tran-
siting over a state one Fermi surface with enhanced density of
states (when the black-dashed quasi-particle branch in Fig. 1
is pushed upwards by larger values of the gap α > h) [22].
Note that the most significant renormalization of the poten-
tial U(ρ) occurs relatively early in the flow (intermediate Λ),
where the key effect is that regions with large curvature are
smoothened out by quantum fluctuations. Figs. 6 and 7 exhibit
a comparison of the mean-field potential with its renormalized
version at various points in the phase diagram.
Let us observe that the above situation does not occur for
sufficiently large absolute values of the coupling g, in which
6-10.56
-10.556
-10.552
-10.548
-10.544
 0  0.2  0.4  0.6  0.8
U(
_
) 
_
MFT h=0.205
-10.592
-10.584
-10.576
-10.568
 0  0.2  0.4  0.6  0.8
U(
_
) 
_
With fluctuations, h=0.205
FIG. 7: (Color online) Comparison of the zero-temperature poten-
tials at the putative mean-field first order transition (red cross at
h = 0.205, T = 0 in Fig. 3). Mean-field theory (top) incorrectly pre-
dicts a first-order transition to a phase-separated fully gapped BCS
+ excess fermion state with a second minimum at α0 = 0.41 de-
generate to the α0 = 0 one, the former overshadowing the Fermi
surface mismatch. Fluctuations (bottom), however, suppress the or-
dering tendencies and instead yield a symmetric state with α0 = 0.
The other initial parameters are the same as in Fig. 6.
case fluctuations are not sufficiently potent to induce a QCP
and the transition at T = 0 remains first-order also after renor-
malization. By tuning g one goes between the two possibili-
ties crossing the specific value of g, where the system displays
a quantum tricritical point.
We also note here the reassuring feature of Eqs. (4,7) that
at any finite T , a solution with a finite minimum α0, which
would indicate spontaneous symmetry-breaking is not permis-
sible. This is because of a logarithmic running of α0 from the
Goldstone loop such that α0 → 0 for Λ→ 0 at finite T .
We close this section by noting that the ultimate fate of
the intermediate gapless superfluid in two dimensions will
also depend strongly on fermionic self-energy effects, such
as those discussed in the next Sec. IV and fluctuations in the
shape of the Fermi surfaces, and the interplay with compet-
ing instabilities. An intriguing scenario [71] is the possibility
of a merging of the two QCP’s in Fig. 3 to form an isolated
QCP at (h = 0,T = 0) indicating the absence of any super-
fluid phase in the ground state. Resolution of such possibil-
ities requires studying the interplay of the bosonic potential
and single-particle, fermionic effects.
IV. NON-FERMI LIQUID MECHANISM
We now outline how the single-fermion properties are af-
fected by order parameter fluctuations at the imbalanced su-
perfluid quantum phase transition. To this end, we first write
down the effective quantum field theory coupling the two mis-
matched Fermi surfaces to the (bosonic) Cooper pairing field
containing one fermion from each Fermi surface. We then
present a repeated scattering mechanism that is expected to
reduce the lifetime of the quasiparticles around the Fermi sur-
faces leading to deviations from the Fermi liquid.
The relevant Lagrangian density contains the propagators
of the two Fermion species
Lψψ = ψk↑
(−ikτ + ξk↑)ψk↑ + ψk↓ (−ikτ + ξk↓)ψk↓ , (8)
with ξkσ fermion dispersions leading to two mismatched
Fermi surfaces (Fig. 8), a complex-valued, dynamical Cooper
pairing field
Lφ∗φ = φ∗q
(
−X iqτ + ZΩq2τ + Zqq2 + r
)
φq , (9)
whose leading frequency (qτ) and momentum (q) depen-
dence is determined by the particle-particle bubble explained
in Fig. 9. r is the usual control parameter; we will here be
focussed on the quantum critical point where r = 0. The
complex, linear frequency term determines the bare collec-
tive dynamics to have dynamical exponent z = 2. Note that
the Cooperon propagator Eq. (9) is only valid when frequen-
cies qτ and momenta q are small when compared to the Fermi
energy. At higher scales, the bi-fermion character of the φ
bosons results in a (decay) continuum and branch cuts in the
complex plane, as per the logarithm of Eq. (C4); then the sim-
ple pole structure of Eq. (9) is insufficient to describe the col-
lective dynamics properly. Expanding this logarithm gives the
expressions for the X- and Z-factors (see Appendix C).
The Cooper pairs are coupled to the pair of mismatched
Fermi surfaces via a Yukawa coupling with strength g
Lψφ = g
(
φqψ−k+ q2 ↑ψk+ q2 ↓ + φ
∗
qψk+ q2 ↓ψ−k+ q2 ↑
)
(10)
such that they can decay and recombine into fermions. Ref. 53
wrote down related critical field theories for Bose-Fermi mix-
tures with the aim of describing Fermi-Bose molecule forma-
tion of the fermions with fundamental bosons.
Philipp Strack | 
FIG. 8: (Color online) Mismatched Fermi surfaces and local coor-
dinate systems in momentum space.
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FIG. 9: (Color online) Imbalanced particle-particle bubble that de-
termines the collective Cooper pair dynamics (the X and Z-factors)
given in Eq. (9). Generalized to the superfluid phase, fermionic con-
tractions of this form determine the initial values of the Goldstone
and longitudinal propagtors in the renormalization group flow of
Eqs. (5,6). Wiggly line is the bosonic Cooper pair propagator, blue
straight line the spin-down fermion propagators and, black straight
line the spin-up fermion propagator. The cubic vertex connecting the
three is the Yukawa coupling.
We now analyze the structure of the repeated scattering
mechanism off finite (qτ, q) fluctuations at the quantum crit-
ical point. The single-scattering event of Fig. 10 is infrared
finite because the respective, internal fermion line is always
evaluated off-shell, that is, away from its Fermi surface. Re-
placing the blue (spin-down) fermion line with a constant, the
phase measure from the qτ and q integration yields an (infra-
red) finite integral over the massless Cooper pair propagator
with z = 2 dynamics. The leading infrared-dangerous scat-
tering process for the frequency-dependent self-energy of the
spin-up Fermi surfaces, Σ↑
(
ω,kF↑
)
, is a two-loop contraction
shown in the top of Fig. 4:
Σ↑
(
ω,kF↑
)
= g4
∫
`,`τ
{∫
q,qτ
[
G↓(−ω + qτ,−kF↑ + q)]2
D(qτ,q)D(qτ + `τ,q + `)
}
×
G↑(ω + `τ,kF↑ + `)
≡ g4
∫
`,`τ
{
C(`τ, `)
}
G↑(ω + `τ,kF↑ + `) , (11)
where we will view the function C(`τ, `) as a strongly
frequency- and momentum dependent intra-species interac-
tion. In local coordinate systems around the Fermi surfaces
(cf. Fig. 8), the (on-shell) fermion propagator can be ex-
pressed as
G↑(ω + `τ,kF↑ + `) =
1
−i(ω + `τ) + vF↑`⊥ + 12m↑
(
`2⊥ + `2‖
)
(12)
with Fermi velocity vF↑ =
√
µ↑
2m↑ . The `
2⊥ term is subdominant
in the infrared compared to the linear vF↑`⊥ term. The Cooper
Philipp Strack | 14  
FIG. 10: (Color online) Infrared finite one-loop contribution to the
fermion self-energy. The internal (blue) fermion line is always eval-
uated off-shell, that is, away from its Fermi surface. Note that in the
different LOFF-case, where the Cooperon carries finite momentum,
already this diagram can induce non-Fermi liquid behavior. This case
is further discussed in Sec. II.
pair propagator at criticality is
D(qτ,q) =
1
−iqτ + q2τ + q2
(13)
where we may set the X- and Z-factors to unity here. Note that
in an effectively particle-hole symmetric situations (in sym-
metric shells around the Fermi surfaces), the complex linear
frequency term must vanish and the bare dynamical exponent
would be z = 1. With disorder from trapping inhomogeneities
or an additional species off which the Cooper pairs could scat-
ter, one would have overdamped dynamics ∼ |qτ| [72].
Evaluating the spin-down fermions (the blue lines in the red
box of Fig. 4) at the spin-up Fermi surface kF↑ makes them off-
shell and the infrared-dominant contribution of the dynamical
intra-species interaction then comes from the two Cooper pair
propagators
CIR(`τ, `) ∼
∫
d2q
(2pi)2
∫
dqτ
2pi
D(qτ,q)D(qτ + `τ,q + `) (14)
which, for example, is logarithmically singular with a bare
z = 2 power-counting. The precise form of the effective
single-species interaction mediated by density fluctuations
and two critical Cooperons also needs to account for the non-
analyticities from pair-breaking effects from logarithm of the
Cooperon, Eq. (C4), when summing over higher energy inter-
mediate states as well as more precise experimental consider-
ations such as trapping potentials and the presence of disorder.
Upon closing this singular interaction with the on-shell spin-
up fermion propagator Eq. (12) we conclude that the lifetime
of quasiparticles cannot have the Fermi liquid form (where the
interactions are regular and IR finite and ImΣ↑
(
ω,kF↑
) ∼ ω2)
but instead will receive anomalous corrections.
A similar mechanism was shown to induce non-Fermi be-
havior in antiferromagnetic metals recently [54]. Strong non-
Fermi liquid behavior (“hot Fermi surfaces”) and the to-
tal destruction of quasiparticles occurs for would require a
strong-coupling re-summation of the logarithmic singularities
of Eq. (14) as found by Abrahams et al. [49] in the spin-
fermion model; such a re-summation would effectively lead to
power-law, long-ranged interaction a` la Bares and Wen [73].
8Compared with the spin-density wave and Ising nematic
quantum critical points in Table 2, the homogeneous imbal-
anced superfluid discussed in the present paper is expected
to feature warm Fermi surfaces leading to anomalous ther-
modynamics and transport but, in the absence of band cross-
ings/intersections of the two Fermi surfaces, ultimately stable
quasi-particles. At the hot spots in the spin-density wave case
(ImΣ ∼ √ω), or in the anti-nodal region of the nematic case
(ImΣ ∼ ω2/3), one has truly hot regions without any quasipar-
ticles at all.
V. CONCLUSION AND OUTLOOK ON EXPERIMENTS
This paper has two main messages. First, we showed
that quantum fluctuations may actually favor the appearance
of exotic superfluids in two-dimensional, imbalanced mix-
tures of fermionic atoms. Second, our results put imbalanced
fermionic superfluids on the map of plain vanilla quantum
phase transitions (Fig. 2) in two spatial dimensions exhibit-
ing non-Fermi liquid features. In light of the experimental
progress in homogeneous trapping of fermionic atoms in re-
duced dimensionality, this paper hopefully stimulates that the
results of mean-field approaches (applicable mostly to three-
dimensional gases), will be carefully revisited in experiments
and theory in two spatial dimensions.
Order parameter fluctuations, captured by solving a partial
differential flow equation for the effective potential of the im-
balanced Fermi gas, were shown to have dramatic beyond-
mean-field effects on the zero-temperature phase diagram:
for a range of parameters, a new, fluctuation-induced quan-
tum critical point was found and Goldstone fluctuations were
shown to destroy spontaneous symmetry breaking completely,
in accordance with the Mermin-Wagner theorem.
We argued that this case is qualitatively different from the
more frequently studied case of fermions coupled to gauge
field and the hot spot phenomenology at the onset of antifer-
romagnetic order in metals. Its key features are:
(i) The collective mode(s) appears in the pairing channel
spontaneously breaking the global U(1) symmetry. This leads
to a single Goldstone mode whose fluctuations were shown to
turn the mean-field phase-separated ground state into a homo-
geneous, strongly coupled imbalanced superfluid with gapless
fermion excitations. This also leads to different features in the
quantum-critical field theory coupling two mismatched Fermi
surfaces to the Cooperon. This bosonic Cooperon, for exam-
ple, has a complex, linear time-derivative that leads to a non-
trivial coupling of Goldstone and longitudinal couplings in
the superfluid phase. It may additionally be Landau-damping
from small disorder or trap inhomogeneities. Moreover, at
the quantum critical point, one-loop vertex corrections renor-
malizing the Yukawa-coupling vanish by particle conservation
- these structural novelties make a comprehensive, diagram-
matic analysis of the coupled Fermi-Bose theory an interest-
ing topic for future research.
(ii) Non-Fermi liquid physics around the Fermi surfaces ap-
pears although the Cooperon does not directly connect points
or patches in the two mismatched Fermi surfaces. Repeated
scattering processes should lead to warm Fermi surfaces with
reduced, non-Fermi liquid quasi-particle lifetimes.
(iii) The microscopic model of the parent compound is
directly realizable in present-day experiments with ultra-
cold mixtures of fermionic atoms. Techniques such as rf-
spectroscopy [39, 46] bear the potential to measure the re-
duced fermion lifetimes. The frequency resolved rf-signal is
proportional to the overlap of a non-interacting fermion prop-
agator from a non-interacting third level with the interacting
fermion and therefore should be able to resolve the single-
particle self-energy [75]. Furthermore, one can measure the
frequencies of collective Rabi oscillations directly which can
be related to the quasi-particle weight, too [17].
The QCP’s of Fig. 3 should also have observable conse-
quences such as anomalous thermodynamics [6] up to rela-
tively, high, finite temperatures in the quantum critical regime,
even in a scenario in which it gets “masked” by p-wave super-
fluidity at the lowest scales. Finally, the collective modes such
as sound and the longitudinal “Higgs” mode can also be mea-
sured for example by time-modulating the trapping potential
and measuring the associated density response of the gas [74].
It would therefore be of great interest to generalize recent ex-
periments with two-dimensional Fermi gases [76, 77] to Fermi
mixtures [17] in the superfluid regime.
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Appendix A: Linking the flow to fermionic correlations
We here present the derivation of the mean-field effective
potential Eq. (3) and the order parameter propagators Eq. (5)
thereby providing a direct link of the order parameter flow to
the underlying fermionic atoms.
We go to the thermodynamic limit and employ an ac-
tion representation for Eq. (1). We perform a Hubbard-
Stratonovich transformation with the spin-singlet pairing field
φq conjugate to the fermion bilinear
φ˜q = g
∫
k
ψk+ q2 ↑ψ−k+ q2 ↓ . (A1)
We employ the short-hand notation
∫
k = T
∑
k0
∫
d2k
(2pi)2 with
fermionic (imaginary) Matsubara frequencies k0 = 2pi(n +
1/2)T with n integer running from −∞ to ∞. Their bosonic
pendant is conventionally denoted by q0 = 2pinT . Later we
will take the zero temperature limit T → 0 limit and focus
9on ground state properties. The resulting functional integral is
over ψ, ψ¯ and φ with the new bare action
S[ψ, ψ¯, φ] =
∫
k
∑
σ=↑,↓
ψ¯kσ(−ik0 + ξkσ)ψkσ −
∫
q
φ∗q
1
g
φq
+
∫
k,q
(
ψ¯−k+ q2 ↓ψ¯k+ q2 ↑ φq + ψk+ q2 ↑ψ−k+ q2 ↓ φ
∗
q
)
,
(A2)
where φ∗ is the complex conjugate of φ, while ψ and ψ¯ are
algebraically independent Grassmann variables. Note that as
g < 0, the bosonic mass term -1/g is positive.
We first shift φq by a non-fluctuating (static in time and ho-
mogenous in position space) field ∆:
φq → (2pi)2δq,0 δΩ,0T ∆ + φq
(A3)
where the factors of (2pi)2 are conventional and translate to
the correct volume normalization factors in position space.
Eq. (A2) is recast as S = Sb + S f with
Sb = (2pi)
2
T
|∆|2
(−1
g
)
+
(−1
g
) (
∆φ∗0 + ∆
∗φ0
)
+
∫
q
φ∗qφq
(−1
g
)
.
(A4)
We employ a convenient Nambu matrix notation for the
fermionic part
S f =
∫
k
(
ψ¯k↑ ψ−k↓
)
≡S(2)f [∆]︷                            ︸︸                            ︷( −ik0 + ξk↑ −∆
−∆∗ −ik0 − ξ−k↓
) (
ψk↑
ψ¯−k↑
)
+
∫
k,q
(
ψ¯k+ q2 ↑ ψ−k+ q2 ↓
) ( 0 −φq
−φ∗q 0
) (
ψk+ q2 ↑
ψ¯−k+ q2 ↑
)
. (A5)
This action is quadratic in the Grassmann fermion fields and
we can perform the Gaussian functional integral. After ex-
panding the resulting tr log to second order in φq, we obtain
S[φ] =
∫
q
φ∗q
(−1
g
+ K(q)
)
φq +
∫
q
φ∗qφ
∗
−q
L(q)
2
+
∫
q
φqφ−q
L∗(q)
2
− (2pi)
2
T
1
g
|∆|2 − tr ln βS(2)f [∆]
+
(−1
g
) (
∆φ∗0 + ∆
∗φ0
)
−
(
φ∗0
∫
k
F f↑↓(k) + φ0
∫
k
F∗f↑↓(k)
)
,
(A6)
where the tr goes over Nambu indices, frequencies and mo-
menta. The terms in the last line cancel, if ∆ fulfills the saddle-
point condition or gap equation
∆ = −g
∫
k
F f↑↓(k) , (A7)
which is what one gets from differentiating the second line of
Eq. (A6) with respect to ∆∗. Here, we have used the normal
(K) and anomalous (L) particle-particle pair propagators
K(q) = −
∫
k
G f↑(k +
q
2
)G f↓(−k + q2)
L(q) =
∫
k
F f↑↓(k +
q
2
)F f↓↑(−k + q2) , (A8)
and their single-particle constituents
G f↑(k) =
−ik0 − ξ−k↓
(ik0 − ξk↑)(−ik0 − ξ−k↓) + |∆|2
F f↑↓(k) =
∆
(ik0 − ξk↑)(−ik0 − ξ−k↓) + |∆|2 . (A9)
To bring out the physics of Goldstone and longitudinal fluc-
tuations, we now perform a change of variables in Eq. (A6),
S[φ]→ S[σ, pi], with
φq =
σq + ipiq√
2
φ∗q =
σ−q − ipi−q√
2
, (A10)
where pi is the transversal Goldstone field variable and σ the
radial Higgs field variable. ∆ is chosen real and denoted by α
such that
|∆|2 = α
2
2
≡ ρ . (A11)
The action obtains as
S[σ, pi, α] =
∫
q
σ−qσq
2
[
−g−1 + K(q) + L(q)
]
+
∫
q
pi−qpiq
2
[
−g−1 + K(q) − L(q)
]
+
∫
q
σ−qpiq
2
(
iKodd(q) + i
L∗odd(q) − Lodd(q)
2
)
+
pi−qσq
2
(
−iKodd(−q) + i L
∗odd(−q) − Lodd(−q)
2
)
+
(2pi)2
T
U[α] , (A12)
with U[α] the local effective potential given in Eq. (3) that
survives q → 0 mean-field limit. The mean-field phase dia-
gram of Fig. 3 is determined by the field value α that globally
minimizes the potential
Ω0(µ, h, r,T ) = minα
{
U[α]
}
. (A13)
The q , 0 terms composed of fermionic pair propagators rep-
resent phase and amplitude fluctuations about the mean-field
saddle-point. The superscript ‘odd’ projects out frequency
and momentum components that transform odd under q →
−q. Because the anomalous pair propagator L(q) of Eq. (A8)
does not have an imaginary part, that is, L∗(q) = L(q), the
terms ∼ L in Eq. (A12) cancel.
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The mass terms of the radial and Goldstone propagators can
be obtained from derivatives of U[α]. For the Goldstone prop-
agator, one gets
1
α
U′[α] ≡ 1
α
∂U
∂α
=
−1
g
− 1
α
∫
k
F f↑↓(k) =
−1
g
+ K(0) − L(0) ,
(A14)
where the second line uses the explicit expression of the pair
propagators in Eq. (A8). The Goldstone mass is zero if
U′[α0] = 0 or, equivalently, α0 fulfills the saddle-point condi-
tion or gap equation. For the radial propagator, one gets
U′′[α] =
∂2U
∂α2
=
1
α
∂U
∂α
+ 2L(0) =
−1
g
+ K(0) + L(0) ,
(A15)
where we use Eq. (A14) to obtain the second line. U′′[α0] is
finite providing the mass gap to the longitudinal fluctuations.
We finally rewrite Eq. (A12) using Eqs. (A14,A15) to obtain:
S[σ, pi, α] =
∫
q
σ−qσq
2
(
Qσσ(q;α) + U′′[α]
)
+
(2pi)2
T
U[α]
+
∫
q
pi−qpiq
2
(
Qpipi(q;α) +
1
α
U′[α]
)
(A16)
+
∫
q
(σ−qpiq
2
Qσpi(q;α) +
pi−qσq
2
Qσpi(−q;α)
)
,
with the momentum behavior of the propagators
Qσσ(q) = K(q) + L(q) − (K(0) + L(0))
Qpipi(q) = K(q) − L(q) − (K(0) − L(0))
Qσpi(q) = iKodd(q) . (A17)
Clearly, Qσσ(q = 0) = Qpipi(q = 0) = Qσpi(q = 0) = 0.
Eqs. (A17) tie the renormalization group analysis for or-
der parameter fluctuations Eq. (5) to the underlying fermionic
correlations.
Appendix B: Details of the RG flow
We here give some details about the applied RG procedure.
We restrict the momentum integrations to |k| < 3.5|kF| = 3.5×√
2 mimicking the UV-regularization of an attractive lattice
Hubbard model at low filling fractions. In our computations,
the initial momentum scale Λ0 at which we start the flow is
a free parameter. Generally, this should be momentum scale
below which order parameter fluctuations are expected to kick
in and we here take Λ0 =
√
2 ∼ |kF| attempting to account
for an entire class of particle-hole and higher-order diagrams
which are formally omitted within our truncation. These are
expected to reduced ordering scales significantly [68].
The applied procedure is an adapted variant of a leading-
order calculation in the functional renormalization-group
derivative expansion. The next-to-leading order would also
treat the Z- and X-factors as functions of ρ and Λ. Our main
focus here are the zero-temperature flows leading to the phase
diagram in Fig. 3. For this situation a reliable approximation
[78] neglects the order parameter flow of Z and X altogether
and leaves their initial values at Λ = Λ0 unchanged from the
values guided by the form of the fermionic theory, Eqs. (A17),
as well as attempting to account for particle-hole fluctuations
and higher-order corrections. We here chose ZΛ0
Ω
= ZΛ0q = 1,
and XΛ0 = 0.2.
Appendix C: Imbalanced particle-particle bubble
The imbalanced particle-particle bubble drawn in Fig. 9,
whose low-energy expansion leads to the Cooper pair prop-
agator Eqs. (9,13), is defined as
Π(q) = Πpp(iqτ,q) − Πpp(0, 0) , (C1)
with
Πpp(iqτ,q) = −
∫ ∞
−∞
dkτ
2pi
∫ ∞
−∞
d2k
(2pi)2
G↑(k + q/2)G↓(−k + q/2) .
(C2)
and
Gσ(k) =
1
−ikτ + ξkσ =
1
−ikτ + k22mσ − µσ
(C3)
We can successively perform the integrations first kτ, then kx,
and ky last to find
Π (q) =
−1
4pi
log
[
1 +
Q(q)
2µ
]
. (C4)
where µ = 12
(
µ↑ + µ↓
)
and
Q(q) = Q(qτ,q) = iqτ − q2
 14mr − mr16
(
1
m↑
− 1
m↓
)2 . (C5)
The logarithm in Eq. (C4) will in general lead to branch cuts
in the complex (frequency plane). For energies and momenta
smaller than the effective binding energy 2µ, we can expand
the logarithm to obtain Eq. (9) with
X =
1
8piµ
ZΩ =
1
32piµ2
(C6)
Zq =
1
32piµmr
1 − m2r4
(
1
m↑
− 1
m↓
)2 , (C7)
where we further used the reduced mass 1mr =
1
2
(
1
m↑ +
1
m↓
)
.
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